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Abstract
The dipole moment of a single water molecule in liquid water has been a critical
concept for understanding water’s dielectric properties. In this work, we investigate the
dipole moment of liquid water through a self-attractive Hartree (SAH) decomposition of
total electron density computed by density functional theory, on water clusters sampled
from ab initio molecular dynamics simulation of bulk water. By adjusting one parameter
that controls the degree of density localization, we reveal two distinct pictures of water
dipoles that are consistent with bulk dielectric properties: a localized picture with
smaller and less polarizable monomer dipoles, and a delocalized picture with larger and
more polarizable monomer dipoles. We further uncover that the collective dipole-dipole
correlation is stronger in the localized picture and is key to connecting individual dipoles
with bulk dielectric properties. Based on these findings, we suggest considering both
individual and collective dipole behaviors when studying the dipole moment of liquid
water, and propose new design strategies for developing water models.
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The dipole moment plays a crucial role in determining dielectric properties of liquid
water, and is directly related to the intensity of the IR spectrum. For a free water monomer,
its dipole moment has been experimentally determined to be 1.855 D.1 In water clusters and
condensed phases, the dipole moment of individual water molecule is known to be enhanced
significantly due to polarization and delocalization effects.2–4 Badyal et al.5 employed the
X-ray diffraction experiment to infer the dipole moment of liquid water to be 2.9 ± 0.6 D
by fitting a charge transfer parameter of 0.5 ± 0.1 e along each OH bond. However, the
monomer dipole in liquid water is an inherently ambiguous concept. In other words, there
is no universally true value of the monomer dipole moment in liquid water. Rather, the
importance of the monomer dipole moment is that it can quantiatively connect collective
fluctuations of a microscopic property (the monomer dipole) to the bulk dielectric properties
of the liquid. There are multpile consistent definitions of the monomer dipole and each gives
its own form of insight into the bulk properties.
Understanding the connection between individual dipoles and bulk dielectric properties
is also essential for developing accurate water models in molecular dynamics simulations,
because most force fields are parametrized to reproduce the bulk water properties. Although
a wide range of dipole moment values are used in water models,6 many force fields predict
similar bulk dielectric properties. For example, the fixed-charge non-polarizable TIP5P
model7 and the polarizable iAMOEBA model8 both predict the dielectric constant of liquid
water to be around 81, despite their distinct parametrizations. Therefore, it is necessary
to examine whether there exists specific rules that govern bulk dielectric properties at the
microscopic level.
Numerous computational studies have been performed to extract the dipole moment of
liquid water. In mixed QM/MM approaches,9–11 one water molecule is treated quantum me-
chanically, which is embedded in water molecules represented by classical point charges and
multipole expansions. In this case, the dipole moment of the QM water molecule is straight-
forwardly taken as the dipole moment of liquid water. On the other hand, full quantum
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chemical calculations of large water clusters and ab initio molecular dynamics simulation of
bulk liquid water have been carried out using density functional theory (DFT) or the cor-
related wavefunction methods.12–19 One complexity in these methods is how to recover the
concept of a water monomer from the bulk simulations. A common strategy is to transfer
the wavefunctions of the bulk into the localized molecular orbitals (LMOs),20 using meth-
ods like Boys localization,21 natural bond orbital (NBO),22 or maximally localized Wannier
functions.23 The LMOs are then assigned to nearest water nuclei and each LMO is filled
with two electrons. Studies using the LMO scheme predict average monomer dipole moment
in liquid water within the range of 2.5-3.1 D,13,14,17,19 but no consensus has been reached.
Although being computationally efficient, LMOs are normally required to be mutually or-
thogonal, which may result in unphysical long delocalized tails and overestimated dipole
moments.
Unlike wavefunctions, the electron density is a well-defined observable that can be ac-
cessed experimentally. Therefore, direct partitioning of the electron density into water
monomers is a more natural way to study the dipole moment of liquid water. The com-
monly used density partitioning method is Bader’s quantum theory of atoms in molecules
(QTAIM).24 Nevertheless, QTAIM divides the electron density into non-overlapping sectors,
thus it does not fulfill the fundamental requirement that monomer dipole moments must sum
to the overall dipole moment of liquid water.17 Alternatively, in this study, we employ a self-
attractive Hartree (SAH) decomposition25 of the total electron density computed by DFT
to extract the monomer dipole moment in liquid water. The SAH decomposition has been
demonstrated to be an effective tool to directly unravel chemical bonding from the electron
density in molecular complexes. It has also enabled the many-pair expansion26–28 calcula-
tions in DFT to systematically improve the accuracy of approximate density functionals in
molecular systems.
In this work, from a theoretical perspective, we aim to qualitatively understand the
monomer dipole moment of liquid water, and reveal how monomer dipoles are correlated to
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form the total dipole moment and produce dielectric properties of the bulk water. In the rest
of this paper, we will first describe how SAH decomposition of the electron density allows
a clear definition of monomer dipoles inside water clusters with one adjustable parameter
that controls the degree of density localization. Then, we will apply the SAH decomposition
to analyze realistic liquid water structures to understand how the bulk dielectric properties
emerge from the more or less localized monomer dipoles. Finally, we will conclude with
suggestions on designing new water models.
The SAH decomposition is devised to partition the electron density into a sum of two-
electron densities (one spin-up and one spin-down) that simultaneously minimize the self-
attraction and maintain smooth shapes of fragments. To achieve this goal, one minimizes a
regularized Lagrangian
L[{φi}, γ(r), {εi}] = −α ·
1
2
N∑
i
∫∫
ρi(r)ρi(r
′)
|r− r′|
drdr′ +
N∑
i
∫
|∇φi(r)|2dr
+
∫
γ(r)
( N∑
i
ρi(r)− ρT (r)
)
dr−
N∑
i
εi
( ∫
ρi(r)dr− 2
)
, (1)
with ρi(r) = 2|φi(r)|2 being the two-electron densities, φi(r) as auxiliary orbitals, ρT as
the input total density, and γ(r) and {εi} as Lagrangian multipliers. From now on, we
will refer {ρi(r)} as pair densities. The first term of Eq. 1 is the sum of self-attraction
energies, and the second term is the sum of kinetic energies of localized pair densities.
Because simultaneous minimization of the self-attraction and kinetic energy are conflicting
requirements, minimization of their sum would give fragment densities that are localized but
still smooth. This method can also be understood as a regularized Edmiston-Ruedenberg
localization.29 The parameter α in Eq. 1 is introduced to control the extent of localization of
the resulting pair densities (i.e., the larger α produces more localized pair densities). This is
a particularly attractive feature in this study, as it allows us to investigate how delocalization
effects contribute to the magnitude of partitioned water dipoles by adjusting α. The third
and fourth terms in Eq. 1 refer to two constraints: (1) the pair densities sum to the total
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density; and (2) each pair density integrates to 2. These two constraints clearly indicates
that the SAH decomposition is a density partition scheme. Because the SAH pair densities
are constrained to sum to the input total density, all multipoles of the full system are exactly
sums of the multipoles of the pair densities.
Minimizing this Lagrangian
(
δL
δφi
= 0
)
results in the following set of equations:
[
− 1
2
∇2 − 2α
∫
φi(r
′)2
|r− r′|
dr′ + γ(r)
]
φi(r) = εiφi(r), (2)
which we solve using a constrained self-consistent field (SCF) algorithm. We refer the readers
to Ref.25 for the detailed SAH algorithm. From Eq. 2, one important feature of SAH is
that the resulting pair densities are ground-state densities of some potential and therefore
nodeless.
To illustrate how we define monomer dipoles in water clusters, we first applied the SAH
decomposition to a water tetramer cluster. The geometry of the water tetramer was opti-
mized using the second-order perturbation theory (MP2)30 in the aug-cc-pVTZ basis.31,32
The total electron density of the water tetramer was then computed using DFT with the
B3LYP functional,33 in a series of uncontracted aug-cc-pVXZ (X=D, T, Q) basis. The basis
functions with highest angular momentum (g) were removed from the aug-cc-pVQZ basis for
the sake of computational efficiency. All calculations were carried out in QChem 4.2 software
package.34 The B3LYP total density was partitioned into pair densities using the SAH de-
composition, with a series of α values (α = 0.2, 0.5, 1, 1.5, 2, 3). The resulting pair densities
{ρi(r)} were assigned to their nearest water nuclei, with 5 pair densities constituting one
water monomer. The dipole moment of monomer M was then calculated as
~µM = −2
∑
i∈M
〈φi|r|φi〉+
∑
A∈M
ZARA, (3)
where we used the relation ρi(r) = 2|φi(r)|2 and φi(r) is the auxiliary orbital in the SAH
decomposition. ZA and RA are the charge and position of nucleus A (=O, H) in monomer
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M . Since the SAH density of each monomer has exactly 10 electrons, the SAH-decomposed
water molecule is neutral and its dipole moment is gauge-invariant and well-defined.
(a) (b)
Figure 1: (a) Dipole moment of a water monomer in the water tetramer from the SAH
decomposition, as a function of localization parameter α. (b) Hirshfeld population analysis
of a water monomer’s electron density restricted to its own atomic basis functions.
The SAH dipole moment results are shown in Fig. 1a. When using a small localization
parameter α (α = 0.2), the molecular dipole moment in the water tetramer is computed to
be around 2.6 D, substantially larger than the dipole moment of a free water monomer (1.855
D). As the density partitioning becomes more localized (as α increases), the molecular dipole
moment in the water tetramer decreases, and is only around 1.9 D at α = 3. We also observe
an abrupt drop of the dipole moment value in the range of α = 1.0 ∼ 1.5. To understand
these unexpected behaviors, we plot the decomposed pair densities in Fig. 1a. Two distinct
density partitioning patterns are found for α ≤ 1.0 and α ≥ 1.5. For α ≤ 1.0, although
the pair densities are localized in the sense that they belong to only one water monomer,
they are delocalized over that one water molecule. As shown in Fig. 1a, for each water
monomer at α = 0.5, there are one O-1s core-like pair density (red) and four pair densities
(blue) resembling the total density of a water molecule. On the other hand, for each water
monomer at α ≥ 1.5, the pair densities are localized enough to unravel the chemical bonding
within each water molecule. In addition to the O-1s core-like pair density, two O-H bonding
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pair densities and two oxygen lone pair densities are also revealed, which is more consistent
with the valence bond theory. This change in density partitioning patterns causes the abrupt
reduction of the dipole moment in Fig. 1a.
To further study how delocalization effect influences the dipole moment enhancement in
the water tetramer, we performed the Hirshfeld population analysis35 of a water monomer’s
electron density and counted the number of electrons residing on its own atomic basis func-
tions using the Multiwfn package.36 By definition, each SAH-decomposed water monomer
has exactly 10 electrons. However, as we used the atomic basis of the whole water tetramer to
expand the partitioned fragment densities, it is expected that each water monomer’s density
would integrate to less than 10 electrons on its own atom-centered basis. As demonstrated in
Fig. 1b, more localized density partitioning leads to more electrons (closer to 10 e) residing
on each water molecule’s own basis. This result suggests charge delocalization (or charge
transfer) between water molecules indeed accounts for great amount of dipole moment en-
hancement. Comparing Fig. 1a and Fig. 1b, a small amount of 0.1 e charge delocalization
difference can lead to 0.7 D dipole moment difference in the water tetramer.
We then investigated the dipole moment of liquid water using the SAH decomposition.
We started by performing ab initio molecular dynamics (AIMD) simulation of a cubic cell
with 64 water molecules in the NVT ensemble (298 K, 1.0 g/cm-3) using the CP2K software
package.37 The revPBE-D3 density functional38,39 was employed with the GTH-MOLOPT-
DZVP-SR basis40 and GTH-PBE pseudopotential.41,42 After an equilibration of 10 ps (with
a time step of 0.5 fs), we carried out a production run of 20 ps. The oxygen-oxygen radial
distribution function gOO(r) was computed and shown to agree well with the experimental
results43,44 in Fig. S1, confirming the accuracy of our AIMD simulation.
Using liquid water structures sampled from the AIMD trajectory, we first studied how
monomer dipole moment is enhanced as the number of surrounding water molecules increases.
We randomly picked one water molecule in one AIMD snapshot as the “center” molecule,
and successively added its surrounding water molecules according to the O-O distances. The
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Figure 2: The dipole moment of the central water molecule with increasing number of total
water molecules, calculated using two localization parameters (α = 0.5 and 2) in the SAH
decomposition. The water geometries were sampled from one liquid water AIMD snapshot.
electron densities of this series of water clusters were calculated using DFT with the B3LYP
functional and uncontracted aug-cc-pVDZ basis. After applying the SAH decomposition
(α = 0.5 and 2) to total electron densities of these water clusters, the dipole moment of
central water molecule was computed and presented in Fig. 2. Already in the water dimer,
there is a difference of 0.1 D in the dipole moment of central water monomer between the
α = 0.5 and α = 2 SAH results. As the number of surrounding water molecules increases,
two trends are revealed. First, the monomer dipole moment rapidly increases to 2.8 D
(α = 0.5) or 2.6 D (α = 2), and starts to plateau after the total number of monomers
reaches 6. Second, the less localized α = 0.5 density partitioning always gives greater dipole
moment, and the difference between the two (α = 0.5 and α = 2) becomes more prominent
in larger water clusters. We also notice that in Fig. 2, the α = 2 SAH dipole moment is only
0.2 ∼ 0.3 D less than the α = 0.5 result in the bulk water structures, significantly smaller
than the ∼0.6 D reduction in the water tetramer case (Fig. 1a). This finding indicates that
the polarization effect accounts for a larger fraction of dipole moment enhancement in the
bulk water than in the quasi-two-dimensional water tetramer structure.
To obtain a meaningful distribution of molecular dipole moment in liquid water, we
performed the same analysis on 5 central water molecules in 20 snapshots sampled from
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Figure 3: Distributions of the dipole moment of central water molecule in 100 water decamer
geometries sampled from the AIMD trajectory, calculated using two localization parameters
(α = 0.5 and 2) in the SAH decomposition.
the final 20 ps AIMD trajectory (i.e., 100 water cluster geometries in total). As the central
molecular dipole moment quickly plateaus with respect to the cluster size (Fig. 2), we fixed
the water cluster size to 10 water molecules. Gaussian-smoothed distributions of the dipole
moment of central water molecule are presented in Fig. 3, where each data point is replaced
by a Gaussian function with a width of 0.1 D. As can be seen, the distribution of central
molecular dipole moment is very broad, ranging from 2.0 D to 3.3 D in the α = 0.5 SAH
decomposition, with a mean water dipole moment of 2.62 D.
Consistent with the analysis in Fig. 2, we find that the mean dipole moment of the
central water molecule is 0.3 D larger in the α = 0.5 density partitioning than the more
localized α = 2 SAH result. This difference partly quantifies the contribution of charge
delocalization to the enhancement of dipole moment in liquid water. We also observe a
broader dipole distribution using α = 0.5, with a standard deviation of 0.22 D, compared to
the standard deviation of 0.15 D using α = 2. As the broadness of the dipole distribution
reflects the tendency of charge polarization, we infer from the standard deviation that the
less localized density partitioning also predicts larger polarizability in water molecules, in
addition to greater magnitude of dipoles. This finding is surprising, because it suggests
that two distinct water models, one with larger dipole and polarizability and the other with
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smaller dipole and polarizability, can be derived from exactly the same charge distribution,
and yield the same bulk dielectric properties.
To understand this rather counterintuitive result, we further computed the radial dipole-
dipole spatial correlation function45 between SAH water dipoles inside all 100 sampled water
decamers:
F (r) =
∑
ij Pij(r)
[
µ̂i · µ̂j
]∑
ij Pij(r)
, (4)
where µ̂i and µ̂j are the normalized dipole moment of monomer i and monomer j within
the same water decamer. Pij(r) is a Gaussian probability distribution with a width of 0.35
Å centered on the O-O distance rij between monomer i and monomer j. The computed
radial dipolar correlation functions for SAH water dipoles are presented in Fig. 4.
Figure 4: Radial dipole-dipole spatial correlation functions for SAH water dipoles in 100
sampled water decamers, with localization parameters α = 0.5 and α = 2.
The dipole-dipole correlation functions of α = 0.5 and α = 2 SAH dipoles show similar
trends, where the correlation function F (r) reaches the minimum as the O-O distance in-
creases to 4.0∼4.5 Å and has a second peak between 5.5∼6.0 Å. This trend is in qualitative
agreement with previous dipolar correlation studies of liquid water,45 but is not quantita-
tive because we only considered dipoles inside water decamers. Comparing the α = 0.5
and α = 2 SAH results, one sees that the more localized α = 2 density partitioning yields
stronger dipole-dipole correlation function over all distances shown in Fig. 4. To the best of
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our knowledge, this enhanced dipole-dipole correlation has not been observed before and is
not captured by any known fixed-charge or polarizable water force field. This result also ex-
plains the counterintuitive finding that two distinct SAH water models predict the same bulk
dielectric properties. Although the dipole moment and polarizability of a water monomer is
smaller in the more localized (α = 2) density partitioning, the intermolecular dipole-dipole
correlation is stronger. This enhanced collective effect between water dipoles compensates
for the smaller individual magnitudes, giving rise to the same bulk property as in the less
localized (α = 0.5) SAH partitioning.
In this work, we investigated the monomer dipole moment of liquid water through a self-
attractive Hartree decomposition. Two distinct pictures of water dipoles have been uncovered
by tuning the degree of density localization in the SAH decomposition: a localized picture
where the monomer dipole moment and polarizability is smaller, and a delocalized picture
with larger monomer dipole moment and polarizability. We have further revealed that the
strength of collective dipole-dipole correlation varies in these two pictures, which leads to the
same bulk dielectric properties despite different individual dipole behaviors. Thus, instead of
a strict definition, we suggest a more comprehensive way to understand the dipole moment in
liquid water. In addition to the magnitude and distribution of individual dipole moments, one
should also consider the collective behavior between water dipoles, which may be quantified
by the dipole-dipole correlation function used above.
This work also suggests new design strategies for water models in molecular dynamics
simulations. Based on our findings, two natural routes for designing water force fields that
reproduce bulk dielectric properties have emerged: fixed-charge models where the dipole
orientations are correlated, and polarizable models where the dipole orientations are largely
independent. While the latter strategy has been actively pursued and resulted in promising
polarizable water models,8,46–49 the former strategy has not been attempted yet. In the
future, it would be attractive to derive a water model with fixed dipoles that still captures the
enhanced angular correlations of the dipoles from the localized SAH-decomposed densities.
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S1
AIMD oxygen-oxygen radial distribution function
Figure S1: Oxygen-oxygen radial distribution function gOO(r) of liquid water computed from
the AIMD simulation using the revPBE-D3 functional, compared to experimental results.
“Expt1” is taken from Ref.,1 and “Expt2” is taken from Ref.2
SAH density decomposition error analysis
Figure S2: Numerical (percentage) errors of the total dipole moment of water clusters from
the SAH decomposition with respect to the input density, using two localization parameters
(α = 0.5 and α = 2), with increasing number of total water molecules, The water cluster
geometries are the same as in Fig. 2 of the main text.
The SAH decomposition is a density partition scheme, where the SAH pair densities are
constrained to sum to the input total density. Thus, in theory, the dipole of the full system
S2
is exactly sums of the dipoles of the pair densities. In practice, because we implemented
the SAH decomposition in finite Gaussian basis, the density constraints are satisfied subject
to numerical errors. In Fig. S2, we demonstrate the numerical errors of the total dipole
moment of water clusters computed from the SAH decomposition, with increasing number
of total water molecules. One can see that even the largest percentage errors are within
1.6%. The errors decrease with increasing number of total water molecules, possibly due
to more auxiliary Gaussian basis functions that better constrain the density decomposition.
As our main conclusions are drawn from water decamer structures, the expected numerical
errors on total dipole moments are below 0.4%.
Dipole moment distributions of all water molecules in sam-
pled water decamers
Figure S3: Distributions of the dipole moment of all water molecules in 100 water decamer
geometries sampled from the AIMD trajectory, calculated using two localization parameters
(α = 0.5 and 2) in the SAH decomposition.
In Fig. S3, we show the distributions of the dipole moment of all water molecules in
100 water decamers sampled from the AIMD trajectory, which are the same structures
used in Fig. 3 of the main text. We find the same trend as in Fig. 3, i.e., the more
localized decomposition yields smaller average dipole moment and polarizability. However,
S3
the difference between the two distributions are not as obvious as in Fig. 3, where only the
central water molecule is considered. This is because the “edge” water molecules are not
fully surrounded by other water molecules, and are less polarized and have smaller degree of
charge delocalization.
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